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The Hamiltonian structure of spacetimes with two commuting Killing vector
elds is analyzed for the purpose of addressing the various problems of time that
arise in canonical gravity. Two specic models are considered: (i) cylindrically
symmetric spacetimes, and (ii) toroidally symmetric spacetimes, which respectively
involve open and closed universe boundary conditions. For each model canonical
variables which can be used to identify points of space and instants of time, i.e.,
internally dened spacetime coordinates, are identied. To do this it is necessary
to extend the usual ADM phase space by a nite number of degrees of freedom.
Canonical transformations are exhibited that identify each of these models with
harmonic maps in the parametrized eld theory formalism. The identications
made between the gravitational models and harmonic map eld theories are com-
pletely gauge invariant, that is, no coordinate conditions are needed. The degree





Throughout a large part of the history of general relativity much eort
has been expended toward disentangling the true degrees of freedom of the
gravitational eld from the \pure gauge" degrees of freedom brought into the
theory via the principle of general covariance. In the Hamiltonian form of
the theory this problem involves understanding the solution space of the ini-
tial value constraints and the appropriate free data for the Cauchy problem.
Classically, a characterization of the true degrees of freedom is relevant for an-
alyzing dynamical evolution of strongly gravitating systems, e.g., binary black
hole systems, as well as for understanding fundamental issues in relativity, e.g.,
cosmic censorship. The intertwining of gauge degrees of freedom and dynam-
ical degrees of freedom is especially vexing in quantum gravity, where it leads
to many of the \problems of time" [1]. Evidently, canonical quantization of the
gravitational eld would be expediated by a suciently explicit characteriza-
tion of the true degrees of freedom. For the most part, the strategy for doing
this stems from the original Hamiltonian description of gravitation provided
by Arnowitt, Deser, Misner [2] and Dirac [3]. The philosophy adopted there is
that the Einstein eld equations dene an \already parametrized eld theory"
in which certain non-dynamical canonical variables represent points of space
and instants of time, relative to which the true degrees of freedom evolve. In
the ADM approach, the dynamical content of relativity is exposed by coordi-
nate conditions which x the non-dynamical gauge variables. This leads to a
desciption of gravitational dynamics relative to a xed foliation of spacetime,
that is, relative to a xed family of observers. A prominent example of this
approach appears in the conformal approach to the initial value problem [4].
From such work it seems that the ADM approach is quite adequate for address-
ing many problems in classical relativity. However, the price paid for obtaining
technical control over the true degrees of freedom is that general covariance is
lost in the sense that one is obliged to view dynamics from the point of view
of a given set of observers. In quantum theory this provides a rst instance of
a problem of time, which might be called the problem of general covariance:
How to give the state of the gravitational eld on an arbitrary hypersurface,
that is, with respect to arbitrary observers? In the ADM approach one is
prohibited from even asking this question.
An alternative approach to describing the true degrees of freedom of the
gravitational eld that preserves general covariance is available. This approach
still relies upon the possibility of extracting \many-ngered time" degrees of
freedom|or more precisely, spacelike embeddings of Cauchy surfaces from
the gravitational phase space, but does not x the foliation with coordinate
conditions. Instead, one describes evolution of the true degrees of freedom
relative to an arbitrary foliation, i.e., one casts the Einstein equations in the
form of a parametrized eld theory [5]. This point of view was developed in
considerable detail by Kuchar [6], who called it the \bubble time" dynamics of the gravitational
eld. Many of the problems of time are mitigated using this approach [1], which is now known as the \internal
time formalism". Implementation of the internal time formalism hinges upon the possibility of (i) nding a
canonical transformation on the gravitational phase space which separates four canonical variables to play
If we insist on keeping xed the asymptotic value of the lapse density, then we also keep xed _
1
, and
nothing is changed except notation. However, we can treat 
1
as a new dynamical variable which is to
be varied in the action. This is the usual logic of the parametrization process as applied to the \point at

























































By adding the new variable 
1
to the Hamiltonian action principle we get additional equations that, however,
are equivalent to the original equations. In detail, by varying 
1
we obtain conservation of the C-energy,
_(1) = 0, which already followed from the other equations of motion and so does not alter the content
of the eld equations. The other new equation comes from varying . Prior to parametrizing at innity,
the variation of  led to one of the eld equations (2.10), (2.11), and a potential boundary equation was
eliminated by the boundary term in the Hamiltonian. After parametrization, the boundary equation survives
and yields equation (3.5), which recovers the desired denition of 
1
.
To summarize, we can enlarge the phase space   of cylindrically symmetric spacetimes by adding a
single variable 
1
. The extended phase space will be denoted  
?
. The extrema of the action functional (3.6)
still dene cylindrically symmetric vacuum spacetimes, but now in terms of the extended set of variables.
By enlarging the phase space in this manner we are able to dene the asymptotic location of spatial curves
using dynamical variables. The action
~
S, however, is not in Hamiltonian form because the surface term now
enters as a \kinetic term" and destroys the canonical nature of the phase space coordinates  and 

. We
still must nd canonical coordinates and momenta on  
?
. Indeed, we must show that  
?
is a symplectic
manifold. We will take care of these issues, while at the same time providing the cylindrically symmetric
version of the canonical transformation (3.1), in the following.
Let us dene the phase space  for a eld theory on M as follows. A point in phase space is dened by













, where (T;R;  ;
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are scalar densities of weight-one. Boundary and fall-o conditions on these scalar elds and scalar densities
are as indicated in the Appendix. We will need some restrictions on the functions T (r) and R(r) so that they
can be interpreted as spacelike embeddings of R
+







and we include this inequality in the denition of . We dene a symplectic 2-form, (X;
b
X) on  by its
action on a pair of vectors







































































For the moment, the symplectic manifold (;) is to be viewed as logically independent of the gravitational
























) are, respectively, canonical coordinates and momenta.
Now consider the following map from  
?










and . The remaining portion of the map is dened by
extended phase spaces, each event in the eective two-dimensional spacetime
is uniquely labeled by the values of the canonical variables X
a
on a spacelike
slice at the point where the spacelike slice passes through that event. The
identication of spacetime points provided by X
a
is independent of the choice
of slice and the \spacetime problem" [1] is avoided. Given these results, the
obvious strategy for quantization is to view the dynamics of the models as a
generally covariant (i.e., parametrized) formulation of non-linear elds on a
xed background. The quantum theory of elds on a xed spacetime is quite
well-studied and, at least supercially, presents no overwhelming conceptual
diculties|although the quantum theory of interacting elds is always techni-
cally challenging. A simplifying feature of these models is that, while they can
be viewed as eld theories on a 3-dimensional at spacetime, the Killing vector
structure is such that the nal result is in each case a 2-dimensional eld the-
ory, and in two dimensions quantum eld theory is typically more manageable
than in higher dimensions. Our purpose in this section is to discuss certain
broad features of the quantization of these models based upon the classical
structures elucidated in x3. We hope to return to a more detailed examination of the resulting
quantum theories in future work.
In each of the models we have studied the resulting Hamiltonian structure involves embedding variables
X
a
and their conjugate momenta 
a



















) in the toroidal symmetry case. The constraints include
dieomorphism constraints (3.53), (3.94) and, in the case of toroidal symmetry, an additional constraint
(3.76). Ignoring its origins, the parametrized eld theory dened by these constraints is, at least formally,
relatively straightforward to \quantize". Note however that in each of the models the eective 2-dimensional
eld theory has a complicating feature not usually found in more familiar 2-dimensional eld theories.
Namely, the super-Hamiltonian is an explicit function of R(r) in the cylindrical symmetry case, and T (x)
in the toroidal symmetry case. This will modify the quantum theories relative to what we might nd, e.g.,




) to operators on states





priveleged foliation T = t and R = r or X = x. The states are embedding-independent in the Heisenberg
picture; the operators are evolved by the constraint operators [26]. Of course it may be necessary to use
perturbation theory to dene the operators and states. Formally, observables are self-adjoint operators




). Note that in the toroidal symmetry model, observables must
commute with the constraint (3.76).
In the Schrodinger picture, dynamical evolution corresponds to considering states j	; X
a
> which are
parametrized by the embeddings. The states are evolved from one embedding to the next by the energy-
momentum current h
a
. More precisely, the states j	; X
a































This requirement is equivalent to
j	 T X + t j	 T X (4 3)
